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In a previous communication^'^ it was verified that the effect at a point on a perfectly 
conducting sphere due to a Hertzian oscillator near to its surface was negligible in 
comparison with the effect that would have been produced at that point but for the 
presence of the sphere, when the point is at some distance from the oscillator and the 
radius of the sphere is large compared with the wave length of the oscillations. In 
what follows it is proposed to find the effect at all points produced by a Hertzian 
oscillator placed outside a conducting sphere whose radius is large compared with the 
wave length of the oscillations. For simplicity the axis of the oscillator will be 
assumed to pass through the centre of the sphere, but this assumption will not 
affect the generality of most of the results. An Appendix is added in which the 
more important mathematical relations required are established. 

1. Let O be the centre of the conducting sphere of radius a, and let the oscillator 
be at a point Oi, the direction of the axis of the oscillator being OOi, and the distance 
OOi being 7*1. In this case the lines of magnetic force are circles which have the line 
OOi for common axis. If y denotes the magnetic force at any point P, p the 
distance of P from OOi, and z the distance of P from the plane through O 
perpendicular to OOi, yp satisfies the differential equation 

(yp) - 7 ^ (yp) + ^2 {yp) + ^^yp = o, 



where 27t/k is the wave length of the oscillations. Transforming to polar co-ordinates 
(r, 6), where r is the distance OP and $ the angle POOi, z = r cos 6 and p = r sin ; 
hence, writing cos 6 = jjl, the differential equation becomes 

(yp)+ ii_ (yp) + K2^p = (1). 



dr^ r^ dfjb 



•^ 'Eoy. Soc. Proc./ vol. 72 (1904), p. 59. 
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The general solution of this equation is 






'>\ c 



^P 



tt 



dfi 



where J^+i/^(Kr) is Bbssel^s function of order n + ^, and P^ is the zonal harmonic of 
order n. 

If yi is the magnetic force at the point P due to the oscillator, yi is the real part of 

Q ^ where V is the velocity of radiation and R is the distance OiP ; this 

op ki 

has to be expressed in the form given above for the solution of equation (l). Writing 



xjji ^ p 



d e 



— ikH 



dp R 



where 

it follows that 

where r|>^', and 



j>2 _ r^-\-r^^-^2fjLri\ 



a 



p ^ r~v.rr"^e -^^ t {2n + 1) e'^^^^'^^K.^,, (iKn) J„+./^ (kv) P,, 

op ,. . 



when r>ri, where 



p - ^-V.,.^-%v*- ^ (2n+ 1) e'/^«-K„^,v. (^^?0 J«+v, {'c^'i) P«, 

op 



Kn+ 14(^2;) — 



TT 



2 COS ?27r 



e-/.(^.+v.)-|j^^^__^^^^(.,)^e^..+v.).g^^^^^^^^^)i., 



Now 



P 



d 
dp 



^^-^'^{''l-^i]' 



{2,1+ 1) 11^ 



(2n+l) P,, = 



n^l^ -^i^i^V)^ 



n-l 



0/X 



djx 



^'^n + l ^^J^- n- 



therefore, ?'i>r, 



i/x 



Bfjb 



00 



t/,j = e'/^'"rr'^'^ :S 



g%(»-i)-K,_./^ (iKn) {^ I". ^•~ '^J»-v. (/cr)-(7i- 1) r-vg„_.^^ {«r) 



e'''^("^-i>-K„+,,X6«n) 



f) 1 



that is 
or 



CO 






2\ 0±n 



n+3/A*''^'i;/ *^n+V2V'^' A-*-~P / g~ > 



ap. 



1 Ofl 
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Similarly, when ■/^>ri, 



00 

^, = -rrV/^ % (2n+ 1) e'/^("+''y-J,+v. {'<n) K„+v» {^'<r) (1 -/^') 



8P 

djjb 



• • (*^)- 



The solution of equation (l) that is required is that solution t|; which becomes 
infinite in the same way as xfii at the point (r^, 0) and for which 9i/;/9r vanishes when 
r ^ ci ; the real part of Ci/ze'"^^ will be the required magnetic force at any point, for 
3 {yp)/dr will vanish when r — a^ that is, the electric force tangential to the sphere 
will vanish. From the expression (2) for t|/i it follows that the required solution is of 
the form 



^ = 



^^ 







1 OJLC 



where ri>'r>a, and the constants are determined so that 9i///3?^ = when r = a, hence 



^ 



1 



< 3^^ir^{Kr) 



da 



{d'^'3 ^^ii^X^a)] 



when 
and 



ca /~\ /J 



r3>r>a 



K,,+i^/^(tKr) V (1 



2\ ^t^n 



-/ 



• • •-• • « « • 



• • (4), 



CO 

,/, = -r{-W'- % (2n+l) e'''^<""*-'« 



TTt 



< 



— |C)t' '"^tiy^ + iy^^ (^/Cdjj 



3a 



■/^^) 



« 



when 



/ ^,0'^ 1* * * * • • 



(I K * « 



Writing 



3P, 
3/x 



. . (5). 



KT = Z 



K7\ 



Zi, Ka ~ Zq, ^'^'^n + y, (^) = S'^^TT 'hi, 



Z^^J^^.y^ (Z) = {-Y 2^%-%, ^/^J.4-1/, (%) = 2V~%i, &c., 



t^ = RVs gij^ ^^ ^ -- p^Va cos (f>, Uj = Ej'^'"' sin <^i, t^ = Ri'/'^ cos ^i, 



t^f 



it follows that 
that is 



Ro'''" sin ^0? '^o = Ro'^'" cos (f)Q, 



Again 






9 

3^ 



^ /2 \ / J [32^ 32: 

Q 2 
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now 



ff) -;-— U — - — i J 

oz oz 



that is 



dz 



therefore 



|{zV.K„+V.(^)} = 2-V/^te-V^(»+V>.-*. jl^ 



- 1 \ R-'/^ 



and writing ^ — - = — tan )(, this becomes 

GZ 



dz 



{z!-K^^.,^{iz)] =-2-V%~'/^'^^^+'/^^"^~^^-^^E"'/^ sec x- 



Similarly, 



and therefore 



dz 



{^'/^J^+i/^ (2:)} = 2% '/^E '/^ COS (^ + x) ^®^ X= 



Hence the relations (4) and (5) become 

^ = -J-t(2n+l) E'/^E>-*" {sin (^-le^*"*^-*" cos (./.o+Xo)} (1-/^') V^ 



when ri>r, that is 



aPn 






• • (6): 



when ri>r, and 



2Kri 1 



ap. 



3/x 



V /? 



when r^Ti. 

2. The value of i// at any point will now be compared Avith the value of xfji at the 
same point, and, the radius a of the sphere being supposed to be great compared with 
the wave-length 2tt/k of the oscillations, it will be sufficient to compare the principal 
parts of \jj and xjfi. Now 



i//i = p 



a e-' 



dp R 



> ' 



that is 






/^. 



e" 



ikII 



R ' 



hence the principal part i//i of xpi is given by 



i'. = =^{^-l^')e-^- 



In calculating the principal part of ^ it is convenient to consider first the contri- 
bution of the terms for which n+^ is greater than the least of the two quantities 
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z and z^. In this case the approximations to be used for ^o and ^o a^i'e those given by 
relations (x.) of the Appendix ; from these 

e2c(0o+xo) = l + ttan((^o + Xo) ^ 

l-itan(^o + Xo) ' 
that is 

where Tq is a large negative quantity. Hence 

that is 

and 

(2ri+ 1) E^/^R//^ |e^(^^-^,) + e^(2^o+2xo-^-cwi ^^ . !' ^- 1"V' ,v t {eJ^-^^ + e^To-T-Tn 
^ '^ ' { smh o smh Oi } ^^^ ^ 

Now 

therefore 

8i<8<8o and -Ti<— T<-To; 

hence the order of the corresponding term in i/;, compared with the principal part of 
\\fi, is {Kr)~^^\ and is multiphed by an exponential with negative exponent. Further, 
the portion of the series containing these terms is simply oscillatory on account of P„, 
and therefore the sum of any number of these terms is not of higher order than 
(k7')~^^^\j/i by the appendix ; hence the part contributed by the terms of the series, for 
which n + ^—Zi is of the same or higher order than Zi^% is negligible compared with xfj^. 
Again, the terms for which n + ^—z is of the same or higher order than z^^', but 
n + ^—Zi is of lower order than Zi^', are at most of the order (/cr)~'/^i/;i, and therefore, as 
above, their sum is negligible in comparison with i//i. Similar results hold when 
r > Ti, Hence the part of i//, if any, which is of the same order as i//i, is contributed 
by terms for which n + ^ m less than z or exceeds z by a quantity of lower order than 
z^^'' when r > Ti, and by terms for which n + ^ m less than Zi or exceeds Zi by a quantity 
of lower order than z^^' when r>7-i. Different treatment is necessary according to 
the form of approximate value of P^ (fx) that is appropriate. 

3. When 6 is small, the approximate value of P^ (ja) is given by 

Pn(i^) = Jo{(2n+l)sini^}, 



whence to the same order 

ap 



and the series for \jj is approximately 



— O'^+i) ^^^ i^ cosec dJi{{2n+l) sin ^6}, 



L 



xfi = ~ sine COS id t (r^ + i)=^Km//^{e'<*-« + e'<^'''»+2^»-*-W} Ji{(2w+ 1) sin ^6}, 

KTi 1 



when r<ir^. 
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W ritmsr 

Si =: -4- sin e cos ^dt{n + i)^K/^Ri'%' «*-*■> J^ { (2n + 1 ) sin J^} , 



'to 



KT 



the appropriate approximations for R, R^, ^, and (fy^ are 

R = sec o£, (f> = z cos a — |-?i7r+(ti + |-) oe, where 2j sin a = n-}-^ ^^ 
Rj = sec %, (^1 =: 01 cos ai'-^n7T+ {n+^) %, where ^i sin % = n+|- ;'^ 

hence approximately 



t 



Si = --^Bin6^cos|(9:S(^ + |-)'sec'^^asec'/^aie^^'^^^°^'^~--^^^«^^ 

Remembering that the oscillations of Ji{(2ti+1) sin|-^} depend on e±(2«+i)*BinV2»^ ^j^^ 
principal part of Si^ arises from the terms in the neighbourhood of the term for which 

-3— {z cos a—Zi cos % + {^ + |-)(a— oti)±(2n+l) sin|-#} 

(1/71/ 

vanishes; for this a— ctj is small since is small, and therefore, unless r is nearly 
equal to Tj, which means that the point is close to the oscillator, r<^ + |- is small compared 
with z for the terms that contribute the principal part of Sj. Hence approximately 

1 

z cos a +{n + ^) a = + — (fi + |-)^, 

%cos% + {fi+i)%= %+— (w+lf, 

and the principal part of Si is equal to the principal part of 

^ sin cos ^0 1 ^ + ^e^~'''''''-'''''^^~~^ Ji{(2n+ 1) sin ^0} ; 



K7 



1 



that is, the principal part of Si is given by 



Si == -^ sin cos M&^~'^ Ce^^ i^^'f Ji (H sin W) dl ; 



therefore 



or 



J^ =: — --^- sui U cos -A-ve'^^ ^-^^ 7 — 4:ttt> ^ ^ ^^^ ^ 

O 6/Cr^ Sin^ -^^ (n~-r+ 2^Lsin'^V2^) 

Si, — — _ p \ r,—r / 

r-^1 / \9 * 

(ri— r) 



;^. 



Appendix J Relations (ii). 
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Now the distance D from the oscillator to the point (rid) is given by 

X)2 = r^ + r/— 2r'ri cos 9, 
whence retaining only the most important terms 

q __ t/cr^sin^^ ^^„,,D 

and therefore Si = xjji. 

The same result follows when t'^Ti. Again writing 

S^ = ^ sin e cos l<9 1 {n+^y RV.R^v.^^ (2^0+2x0-^-^.) J^{(2n+ 1) sin ^6}, 

KTi 1 

the principal part of S2 arises from the terms in the neighbourhood of the term for 
which 

J-{2(^o + 2xo-<^-(^i± (2n + l)sin|^} 

vanishes. When n-^^ is less than Zq, this requires that 2^0-— a — a^ is small, since 6 is ; 
when r^ + |- is greater than Zq, it requires that tt— a—^i is small, that is a and a^ are 
each nearly a right angle, which means that the point is close to the oscillator, thus 
the case of 2ao— a— oci small need only be considered. In this case the principal part 
of S2 is equal t#-the principal part of 



sin e cos ^9 ^ (n + ^)^e^t^^o"^^-^^+v.(n+v.N2.o--.--.r^)] j^|(2n+ 1) sin ^9}, 
t\.f 1 1 

that is 



KT 



2 
1 



GO 



whence 



or 



S, == -j~-^ sin 9 cos i^e^(2^o— x) J ^v.c(2.o-.— r^)^^^2j^ (2^ sin ^9) di, 
S, = _ _L sin e cos i^e'(2^o-'--.) , ^™^^^ ,,, e" ('^^''-^^^J^^ , 

n/.2 V ^ / * 

This represents waves reflected from the neighbourhood of the points Q on the 
sphere, which are such that OiQ makes an angle a^ with the radius OQ, and if Di is 
the distance OiQ, Dg the distance PQ, where P is the point (r, 9), the above becomes, 
after some reduction, 

82= -IK sin^ oL^e~'-''^^'-^^'\ 

the result that would have been obtained by elementary methods. Hence the effect 
at a point P for which 9 is small is the sum of the direct waves and the waves 
reflected at the surface of the sphere. 
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4. When is nearly equal to rr the appropriate approximation for P«(/x) is 

given by 

P^ (|u) = cos httJo {{2n+l) sin i{7r—6)}, 



or, writing w—d =^ d\ 



and 

3P. 



c)ft 

hence 



P^(/x) = cos nrrJo {{2n+l) sin -J^^}, 
(ti + f ) cos ^TT cos 1"^^ cosec d^Jj {{2n+l) sin ^9^} ; 



^ = ^ Ji^sin ^^cosP^:S(ti+|-)mm;^^cosB7r{e^^^^~^^> + e^^2^«+^^o"-*--*^>} Ji{(2n+l)slnpq-, 

whenr<rij where to the order required the terms for which ?^+|- exceeds ^ by a 
quantity of the same or of higher order than z^''' can be neglected. Writing 

Si = ^ -i-, sin r cos ^6% {n+^f cos t^^RmlV^*"^^> J^ {(2s+ 1) sin 1^}, 

Kn 1 

the terms of this series, for which n+^ is less than 2;, and ^— ^^--|- is of higher order 

than z^% are at most of the order (f<:r)'/^(/cri)""^i/;i, and therefore their sum will be 

d > . . 

negligible in comparison with \f/i unless -^-[^--^1 ±t^7r±( 2^1+1) sin ^6^] vanishes or is 

a multiple of 27r for some value of n in the series. Using the appropriate approxima- 
tions for ^ and ^1, this requires that a— ^i + tt is small or nearly equal to a multiple 
of 27r since 0^ is small, and this is impossible, for a and a^ are each less than ^tt. The 
terms of the series Si, for which l^—ti— -Ij is of lower order than z\ are at most of 
the order (/cr)'/^(«:ri)"~^i/;i, and their sum will be negligible in comparison with i//i unless 

[(f>—<f)i±mr±{2n-hl) sin |-#'] is very small or nearly equal to a multiple of 27r for a 



dn 

value of n in this series ; substituting the appropriate approximations for c^ and ^1, 
this requires that ^ir—a^—w is small, which is impossible, for ^i is less than |-7r. 
Hence Si is negligible in comparison with xfj^. The same result follows when r>ri. 
Again, writing 

S, = ^ ^ sin 0' cos |rS (n^if cos w^Rmi%'^^*«"^^^«"*~-^^> Ji {(2^+ 1) sin P^}, 

K7i 1 

the terms of this series, for which t^+l is less than %, and %— ?i— f is of the same or 
of higher order than Zo^\ are at most of the order {KaJ^' {Kri)~^\jji, and therefore their 
sum will be negligible in comparison with xfji unless 

^ [2^0+ 2xo—<^—^i±^^± (2^+1) sin ^0^] 
vanishes, or is nearly equal to a multiple of 2it for some value of n in this series. 
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Substituting for <^o? Xo? ^^-^ i^^^^ approximate values, this requires that 2ao— a— aj + Tr 

is small, since 6^ is small, and this is impossible for -|-7r>ao>a, |-7r>ao>cei; hence 

the sum of these terms is negligible in comparison with xf/i. The terms of the series 

for which "IzQ—n—^l is of lower order than 2:0'^' are of the order (/ca)'/='(/cri)~^i/fi, and 

d 
their sum is of highest order when -y-(2^o + 2xo—^—<^i±^^) is small, or nearly equal 

Ci/fh 

to a multiple of 2it, for a value of n in this series. In this case the approximation 
for ^o+Xo is ^71+ — 3~'/^(3/x)^ [Appendix (vi.)], and the above condition becomes that 

4(3 

Tr—a—ai + TT is small, or nearly a multiple of 27r, which is satisfied if both a and % 
are small. The sum of these terms then is 

- -i^ sin 6' cos iO't (n+iY RV^E^V |--.-v.(«h-v.M3VAV/3-..-,.) j^ ^^2^_^ ^^ ^.^ ^^^^ 

KTi 

retaining only the most important part, and the sum is therefore of the order 
{Kay'''^^^^(^K7\)^^^i^ which is of lower order than i/fi, and therefore negligible in 
comparison with it. When n+^ is greater than Zq and n+^-^Zo is of the same or 
of higher order than 2^0'/^, but ^ + |- is less than z and z—n--^ is of the same or 
of higher order than 2;'/% when z<CZi, the terms are of the order (/cr)'/^ (/cri)~^ i/;i, and 

their sum will be of the same order as xjju if -j- (2(^o+2xo— ^— <^i±^^) is small, or 

Cu/v 

nearly a multiple of 27r, for a value of n. in this series. This condition is satisfied if 
there is a value of n in the series for which Tr—a—ai + Tr is small, or nearly a multiple 
of 2ifr, which requires that both a and % should be small. For the other values of n^ 
which have to be taken account of, the order of the terms is {kt)'^^ {k7\)'^^ xjji, and the 
condition that their sum should be of the same order as ^i is, that for some of these 
values of n, |-7r— ai±7r is small, which is impossible. Hence the part of the series S2 
which is of the order of xfji arises from the terms beginning with a term for which n 
is equal to Zq+Azq^^% where A is a positive quantity of the order of unity, and the 
principal part of S2 is therefore equal to the principal part of 

^ — i- sin 0^ cos W t , (^ + i-)mv^RiV<^^«+2^«"*-*^— > Ji {(2ti+ 1) sin W) 



^ -!^ sin ff cos W t (7^+ AyRV»RiV^^^«-^2'^«-^-^^+-> Ji {i2n+ 1) sin M}. 

2Kri ^ ^o+A0o'/« 



Now 



that is [Appendix (x.)] 



^2c(^o+xo) ^ l + ttan((^o+xo) ^ 
l-itan(<^o+Xo)' 



where Tq is a negative quantity and —To increases rapidly with n, Also^ when t 
VOL. cox. — A. R 
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and t'l are so great compared with a that sin a. and sin a^ can be replaced,, by a and aj, 
the principal part of Ss is equal to the principal part of 

5 sin ^' cos P' t (n+i)V-'^'+--.+%(«+%)-M-'-'+^, ^)]j^|(2n+l)sinj^'}, 






which is equal to 



r»0O 

^sin ^^ cos pi ^%-[~'+^i+v.CM-^+^^r^)] j^ (2^ sin ^ff) dl , 



K7' 

When 6' is very small the value of the above integral is approximately 



LKT' 



{r + r^f 



g-j^2^/^-..(r+n)^ 



which is equal to the value of xfji at the point. These results correspond exactly with 
those obtained by the usual treatment of the effect of an opaque circular screen 
interposed between a source of light and the point of observation, when the source 
and the point of observation are both at distances from the screen great compared 
with the radius of the screen. It has been assumed in the above approximation 

that r— + — - is a small quantity whose square is negligible ; when this condition is 
not satisfied the value of the integral nivolved depends on the quantity 

x/{Ka) (a + cti) (tan a + tan oti)"*'^'^, 

where sin a — air, sin ai = a/^i, and diminishes rapidly as this quantity increases. 

5. When d is not small or nearly equal to tt, P„ {/x) can be replaced by its 
approximate value 

2%"''/-M(ti + J) sin ^}-'/^ cos {(r^ + l) ^-|7r}, 
whence 



= (2n+ If-' (tt sin^ 9)""'' sin {0^ + |-) ^-i^r}, 



dp. 
and therefore, when r <iri, 

* 

2iKVi 1 

approximately, that is 

^ = (27r)-^^^ (sin ef^Kn'y't{n-h^f^W^n,^&^^^^^^ 

I 

which may be written 
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where 



Si = (2Tr)-'/^ (sin ey''{Kr,')~' % (n+ir^K/^R;V»-*'+<»+'««-'/«'^\ 

1 

Ss = (2ir)-''^ (sin ey'-{Kn')~' I (n + i)%RV.R %e'['(-*.-(»+v.)«+V.'.]^ 

1 

S, = (27r)-'/^ (sin ey-'^iKn')-' t (ft + i)%EV.R;V[2*„+2x„-,^-«,+(«+>««-V.T]^ 



S, = (27r)-'/^ (sin $)''"- {ko\^)~' t (n+l-)%B,v.i{,jV.e.(2*„+2xo-*-*.-('»+V.)<'+V,-l. 

1 

Since r<ri, the formulae (ii.) of the Appendix can be used for the terms of Si and 
S2, for which 7i + |- is less than z and 2:— (^ + -|) is of the same or higher order than z^\ 
and the corresponding parts of S| and Sg are given by 

* Sn = (27r)-'/^(sinl9)'/'^(Kn^)-' t (^ + l.p gec/^ a sec/'^ aie^^~^^"^'*--"^^«^«i-^('^-^V-2)(a-a,+0)-i/>j^ 

1 

^— A^-i/s 

S21 = (27r)-'/^ (sin 6^' («:n^)~' t {n-^^f' sec^^ a sec^^ otie^[^cosa-..,cosa,+(n+V2)(a-a,-0)+v4^]^ 

1 

where ^ sin a = Zi sin % = n + ^ and A is of the order of unity. 

Now 

d 

-y- {;^ cos a — ;^i cos ai4-(n + |-) (a — ai + ^)} = a — ai4-^, 

and a--ai + ^ cannot be a small quantity for a>ai, since ri>?'; hence Sn is at most 

of the order ^r'^'^i? and therefore negligible in comparison with xjji. 

Again o 

d 

■j-{z QOH a— Zi cos a^-{-{n-{'^) [a— ai — 6)} = a — oti— ^, 

and a— «! — ^ will vanish for a value of n between 1 and z—Az'^\ 
provided the point P(r, 6) lies inside the sphere described on OOi 
as diameter, but not close to its boundary. If a and a^ now 
correspond to the value of n for which 6 = a — a^, a is the angle 
OPT and a^ the angle OOiP in the figure,^' and the principal 
part of S21 is given by 




Fig. 1. 



S21 = ^(277)""'/^ sin /^ e (kt^^)-^ (z^ sin a^f' sec'/'^ a sec'/^ Q^^ec(,oo.a~z,coBa,+y,n)i^ ^y^,^2{~A^-^ -±^^ ^^^ 



"[X 



where ix is large, that is 

S21 = (277)""'/'^ sin/'^ 6 (kTi^)'^ (^1 sin ai)'/^ sec^'-^ a sec''^ ai6^^^^'^'*~''^^^''*'+'/^'^>(27r)V/*''^ 

; 1 1 T~v^ 

l^ cos a Zi cos Ui 



* The corresponding value of n is given by ?i + 1 = kji?, where p is the perpendicular from O on OiP. 

R 2 
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If OjP = D, then 



and therefore 



Ti COS otj— r cos a = D, r sin ^ = D sin a^. 



S^i = LK sin^ dr'B-'e-'^'', 



that is for the points defined above Sgx = — i/zi. 

The same formulae (ii. ) of the Appendix are applicable to the terms of the series S3 
and S4, for which n + ^ is less than Zq and ZQ — {n + ^) is of the same or higher order 
than Zq\ The corresponding parts of the series S3 and S4 are given by 



;?o-A^oV3 



S31 = (27r)~'/^sin^^^(fcr/)~^ t (^^■^iy/2^QQy2^^QQy2a^Q^i2z,ooBa,-.ooBa-z,coBaHn+^^^^ 



^o-AV/s 



S41 = (27r)~'/^sin/^l9(fcn^)~^ t (n + ^y'8eG^''aseG^'d^&^^''''^''''~'''^'''-''''''''''-^^^^^^^^^ 

1 

where Zq sin olq =. z sin ol = Zi sin a^ = n + A. Now 



dn 



{2^0 cos otQ— ^ cos a— 2:1 cos a + (7^ + |■) (2aQ— (X— ai + ^)} — 2ao— ^*-"^i+^5 



and ao>a for r>a, oto>ai for ri>a, hence ^a^—a—a^^-O is always finite, and 
therefore, as above, the sum of the terms S31 is of lower order than \\fi. Also 



dn 



{22^0 cos ao—;^ cos a— 2^1 cos «! 4- (n + l") (2^0 — 06 — a^ — ^)} = 2ao— a— aj — ^, 



and 2ao— ot— «!— ^ will vanish for a value of n between 1 and z^^ — kz^'^ provided the 

point P (r, ^) satisfies conditions to be determined. For 
O, let Tio + 1" = fcp, where p<a, and let OiQ be a straight line 

through Ol at a distance p from G, meeting the sphere in Q 
(fig. 2), then the angle TQOi is a^, where ?io + -| =^0 sin ^o, 
and the angle OOiQ is a^, where nQ + ^ = Zi sin a^. Hence, 
drawing QP in the plane OiOQ making the angle TQP 
equal to oto, and taking any point P on QP, the angle QPO 
is equal to a, where 7^o4-|■ = 2; sin a, and the angle POOi, 
which is 0, is equal to 2ao-~a— a^ For any position of P 
on the line QP the terms of the series S41 in the neigh- 
bourhood of the terms for which n = Uq contribute a sum 
which is of higher order than any of them, and the 

principal part of S41 is given by 

S41 = (27r)-'/^sin/^6>(no4-|)'/^sec/^asec'/^aie^^'"«""^'^"^ 

C ^■2'0 COS tto -2" COS a ZiCOS ai/ ClL,, 




Fig. 2. 



-fX 
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whence 

g,j = t(Kr/)-^sin^^^(%+i)^se#asec^aif-™^ ^ LV'^ 

\ZoGOSaQ zoos a ZiCOSaJ 

pi {2Zq cos aQ—z COS a—z^ cos ai) 



that is 



> 



B41 = LK sin^ oti sin ^2 ^ (2^1 sin a^) '/^ geeVs ^ g0QV2 ^^ / _ — \ 

\Zq cos otQ ^ COS a Zi cos oti/ 

^t (22-0 COS Oq—Z cos a— 2^1 cos tt]) 

which-after™ reduction can be puUn the fern 

and this represents the effect at P of the waves reflected from the sphere at Q."^ 

From the diagram it appears that the points P for which the condition 
^ = 2ao~a—ai can be satisfied are the points outside the tangent cone drawn 
from Oi to the sphere (that is the points outside the geometrical shadow), and 
as P approaches the surface of the cone the value of %+|- approaches Ka; hence 
the above result holds for all points outside the tangent cone and not close to its 
boundary. 

Omitting for the present the discussion of the terms of the series S3 and S4 for 

* This result can be verified by elementary methods as follows : If M is the amplitude of the magnetic 
force at Q, Mi the amplitude of the magnetic force at P in the waves reflected from Q, the intensity 
at Q in a beam of rays from Oi of small cross section is 

M%2 sin (ao - ^i) cos ocod{oco -oci) ^^, 

and the intensity in the same beam at P is 

Mx%^^ sin $ cos a dO d<f>^ 
and these intensities are equal, therefore 

M%2 sin (cto - ai) cos ao d (ao - oci) = Mi^r^ gin cos a dO ; 
now 

= 2oco — a — ai, 



whence 



^0 cos ocq dao — z cos a cla = % €0S ai do^i, 
Ti cos ai-a cos ocq ~ OiQ = a sin (ao - ai)/sin ai, 



^1 sin ai I -V 

\Zo cos ao z cos a Zi cos oliJ 

The amplitude of the \j/ of the waves from Oi at Q is Ma sin (ao-ai), and of the reflected waves 
at P is Mir sin 0, therefore the \p of the reflected waves at P is 



iK sin^ oci mi^^ B sec^'^^ a sec^^'^ ai (% sin ai)' 



.1/ / 2 1 1 \-V2 



^00 cos ao z cos a Zi cos ai^ 
which is the result obtained from the series. 
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which u + ^—Zq is of lower order than vv^ the terms for which z—n—^ is of the 
same or of higher order than z^'^ will now be considered. Denoting these terms 
of the series S3 and S4 by S32 and S42, and remembering that 

where Tq is a negative real quantity increasing rapidly with n^ 83^ and S42 are to the 
required order of approximation given by 

S3, =-(27r)-'/^(/<7^i')-'sin/^6>~ t (n + l)'/^ sec'/^ a sec^^ aie^^^^^"^^^^^"-^^>^^^"^-~<^+'^^^ 

S42 = - (277)-^/^ {Kn'y sin/^ e ^~t ^ {n + ^y^^ sec^/^ a sec'/'^ ^^g.[..-.cosa-.,cosa,-(.+v.)(a+a,+^)+V.-]. 

The value of-^ {nn—z cos a—Zi cos cti— {n + ^) [a + ai — 6)} is Tr—a — ai + O, which, 

since a and a^ are less than ^tt cannot be very small, and therefore the sum of the 
terms S32 is of lower order than xjji. Again the value of 

d 

{uTT—z cos a—Zi COS oti— {n + ^) {a-^a^ + 6)} 



dn 



is TT— a— oti — ^, and, if P is a point outside the geometrical shadow for which the 
angle OPOi is less than a right angle, there is a value % of n in the series S42 for 
which TT—a—ai — 9 vanishes, viz., that given by ni-\-^ — Kp where p is the perpendicular 
from on OiP? a^nd the principal part of S42 is given by 






where 

ni+^ = z sin ol = Zi sin a^, 
that is by 

842= •--(27r)~'/^(/cn')~'(%H-^)-'/^sec'/^asec/^ai6-^^"^^^^+-^^^ — ^4 ^ ^ 



z cos a Zi cos tti/ 



> 



or 

S42 = LK sin^ 0616"""^ 

where D is the distance OiP. Hence 

S42 = ~^i. 

The terms of the series Si, S2, S3, S4 for which \n + ^—z\ is of lower order than z^' and 
^1— ti— |- is of the same or higher order than Zi^' are of the order z^'^'ifji^ and, that their 

* It will be proved below that these terms are important only in the neighbourhood of the geometrical 
shadow. 
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sum should be of the order of i//i, ^tt— oti — ^ must be small, that is, the point P must 
be on or close to the boundary of the sphere described on OOi as diameter. In 
these terms of the series S3 and S4, e^'^^o+^o> can be replaced by —1, and then the 
sum of the terms of the series Si— S2+S3— S4 required is the same as the sum of the 
corresponding terms of the series 



t ^ //-» . -< \ T^i/_-r» i/_ r , trk-.rk.\ —, /AMA..\^ / ~i o.\ CvJl 



% (2»+l) R'/-^E,i'/^{e' <*-*'> _e-'(*+*.)} (i-/^^) 



n 



2/cr/ 1 dfx' 

, d 

Now, for the values of 6 specified above, -y- { ± <^— <^i ± ('^+1')^} can only be small 

when a is a right angle or differs from a right angle by a small quantity, hence the 
principal part of the sum of the terms of the series Si— S2+S3— S4 is the same as the 

principal part of i//i, that is, it is equal to i/;i. 

6. When r > ri, ^ and ^1 are interchanged, the value of i// may be written 



\\f = Si — S2+b3— S 



45 



and the discussion of the series is identical with that of the previous case. If a plane 
be drawn through Oi perpendicular to OOi, then for points P on the side of this 

plane remote from the sphere and not close to the plane the principal part of S'2 is xjji ; 
for points outside the geometrical shadow and not close to its boundary the terms 
of the series S4, for which n is less than Zq, have a sum of the same order as i/;i, which 
represents the effect of reflected waves ; for points outside the geometrical shadow 
between the plane through Oi and the sphere centre 0, radius OOi, the terms of the 

series S4, for which n is greater than Zq, have a sum whose principal part is — i//i, 
and for points in the neighbourhood of the plane through Oi the terms of i//, for 

which |^+|-— :^i| is of lower order than Zi^% have a sum. whose principal part is i//i. 
Thus for all points outside the geometrical shadow and not close to its boundary the 
principal part of the value of \fj obtained from the series is the same as that which 
would be given by applying the methods of geometrical optics. 

7. The effect of the terms of the series S3 and S4, beginning with those for which 
Zq—u—^ is of the same or of lower order than Zq^\ has now to be obtained. The 
corresponding part of S4 may be written 

S43 = (27r)-^/-^ (sin ey^ {KnY' t {n + if^ i:>V.r;V[2<^oh.2,o-,^-,^3-(.+V.)^+V..]^ 

now for values of n greater than Zq it follows, from the corresponding expression 
for 2^o + 2xo [Appendix (vi.)], that the factor e"'^'^^"^^^^ does not oscillate but approaches 
the value —la>Bn increases, hence for these values of n it may be written 

g3. (*„+x„) ^ _ ] _ 2 S ( - 1)" cot*^ (</)o + xo). 
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Writing 

and remembering that 

cot (^o+Xo) = -^M, 

it follows that 

where {1 + 2WqW^o)/{1—2WqW^o) differs from unity by a small quantity for all values 
of 77. greater than Zq, and Tq is a negative quantity increasing numerically with n; 
whence 

1 \i Zi'1/Vq'IV Q/ 

and 

S,3 = (27r)-'/^ (sin 6')'/^ (Kr/)-^ I {n + ^f^ RV.i>^v.ec[2«„+2x,-0-*,-(»+v,)c+'A:r] 

■2-0 



% 1 . \1— 2'm;o'^{;v 



In the series 



Za 1 \1— 2'2^aWa/ 



'0^/0/ 



writing ti+f = 2Jo+C? since 2To = log tan c^o? the coefficient of I in 2To is of the 
order zf^'^; hence, if the value of 

dn dn 

where n+^ == z^is of higher order than a^o"'''^ the sum of this double series is of lower 
order than its first term multiplied by Zq^% and therefore to the order required 
negligible. Again, in the series 

the factor e^'^'^^'^^o^ oscillates and, writing t^4-|■ = %— C? 
[see Appendix (vi.)], where 

and therefore the sum of this series is of lower order than its last term multiplied 
by ZqI^ when the value of 

dn dn 
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for « + 1- = Zo is of higher order than %'''''• Hence the principal part of S43 is equal to 
the principal part of 



- (2Tr)-V. (sin 9)1^ {Kr,')-^ t {n+^yi'- RV.ii//^e-'t*+*>+("+v.)«-'A^] 
when the value of 



^0 



dn an 

for ^^+|- = % is of higher order than zf\^ 

Now 



-^0 



= (27r)"^/^(sin^y^^(Kr/)"i 



:g (^^4. i.)%Rv.R^v.g--^[^+^.-^(.+v.)a-v,u] 



,;g /^ 4. i.W2j^V2ji^V2g-a<l>+'l>i+0i+ V2) ^-1, 



-V*"-] 



the principal part of the second series has been found above, and arises from the 
terms on both sides of the term for which 

an on 
If Ui is the corresponding value of n^ and 






% is given by 



Ui-^-^ = sm a = % sm a^, 



hence, writing n = ^1 + ^, the principal part of the above series is 
(27r)~'/'^ (sin Of^ (kt^^)'^ (% + iP sec a sec'/^ ^^g-t(.cosa+.^,cosaj+V4-) 



'^0-%~V2 



6' 



''2'= V^-cosa 2^]C0Sai/ O^C' 



.00 



6" 



'2*^^ V^ COS a ^'i cos 0-]/ clc 



■cc 



■00 



Therefore, if D denotes the distance from Oi to the point P (r, 6), 



sin 0/J) = sin ot/rj == sin a/r. 



and making the substitution 



,z COS a % cos a^, 



V'. 



* If e is an angle of higher order than Zo~^^% y the semivertical angle of the tangent cone to the sphere 
from Oi, and the tangent cones with vertices on OOi whose semivertical angles are y ± e are constructed, 
the space excluded is that between these two tangent cones, which are both close to the boundary of the 
geometrical shadow. 

VOL. OCX. — A. B 
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the above expression becomes 

where 

Vo — {ci—r sin a) (21))' -^ (^i^^i cos ot cos ot^y''-^ 

hence 

/»CO 

In the corresponding part of S3 (9 has the opposite sign and therefore the sum is 
negligible in comparison with S43. 

If p is the perpendicular from on OjP, p = r sin a^ and when J9 is greater than a 
the point P is outside the boundary of the geometrical shadow, tjo is negative and 

increases rapidly as p increases, and the above value S43 tends to the value found in 
the case where the point P was supposed not close to the boundary. When p is less 
than a the point P is inside the boundary of the geometrical shadow, and the above 

value of — S43 is the principal part of i/;, that is 



/«Q0 



xjj = 2"'/^i/;ie/*"^ G-' '''''''''' drf 



T?0 



where t^q has the value given above/^ This result expresses the ratio of t^he magnetic 
force at a point inside the boundary of the geometrical shadow to the magnetic force 
due to the oscillator alone in terms of one quantity t/q. For values of t^q greater 
than 5 integration by parts will give a sufficient approximation, for values of 770 less 
than 5 it is convenient to write the above in the form 

^ = ^rjj^ [1-^ (L + M) -t(L-M)], 
where 



L = cos ^TTrfdy], M = sin ^Trrj'^drj, 

•^0 ''o 



and use Gilbert's tables for these integrals. An important particular case is that 
for which Oi and P are both close to the surface of the sphere, as in the case of 
wireless telegraphy. The tables given below show how the amplitude of the 
oscillations diminishes as the distance along the earth's surface from the transmitter 
is increased. In calculating these tables the transmitter and receiver have been 
taken to be vertical antennae, the fundamental wave-length i^ five times the height, 
and the results are given in two cases : for oscillations of wave-length one-fifth of a 
mile corresponding to antennae of height 211 feet, and for oscillations of wave-length 
one-quarter of a mile corresponding to antennae of height 264 feet. The first column 
gives the angular distance of the receiver from the transmitter, the second column 



■¥r 



The investigation assumes that the series in ( obtained by the substitution n = ni + ( converge iox 
va^lues of n up to Zq, and this will be so if P is near the boundary of the shadow, 



ELECTRIC WAVES ROUND A PERFECTLY REFLECTING OBSTACLE. 



131 



the distance d of the receiver from the transmitter in miles, the third column gives 
the corresponding value of -^^o calculated from the formula 

T7o = 2 (a— r cos ^9) (Xr sin ^0Y^'\ 

the last column gives the ratio of the amplitude F of the oscillations at the receiver 
to the amplitude Fi of the oscillations due to the transmitter alone. 



e. 


d. 


^0. F 


' — -i 

/Fi. 


1 

1 


70 


-084 


•46 


1 20 


93 


-151 


•43 


1 40 


116 


•225 


•40 


2 


140 


-302 


•37 


2 20 


163 


-391 


'34 


2 40 


186 


-483 


•32 


f. 3 


209 


-582 


•29 


3 20 


233 


-685 


'26 


3 40 


256 


-794 


'24 


4 


279 


-907 , 


'22 


4 20 


302 


1-025 


•20 


4 40 


326 


1-148 


18 


5 


349 


1-275 


'16 


5 20 


372 


1-405 


'15 


5 40 


396 


1-542 


'14 


6 


419 


1-681 


'13 


6 20 


442 


1-828 


•12 


6 40 


465 


1-973 


•11 


7 


489 


2-124 


10 


7 20 


512 


2-278 


•09 


7 40 


535 


2-436 


09 


8 


558 


2-598 


08 


8 20 


582 


2-763 


07 


8 40 


605 


2-931 


07 


9 


628 


3-103 


07 


9 20 


651 


3-276 


06 


- 


A ^ • 


2 mile. 



B. 


d. 


^0. F 


/Fi. 


o / 

1 


70 


•068 


•47 


1 20 


93 




129 


44 


1 40 


116 




• 196 


•41 


2 


140 




268 


•38 


2 20 


163 




•345 


•36 


2 40 


186 




•428 


'33 


3 


209 




•516 


•30 


3 20 


233 




•609 


•28 


3 40 


256 




706 


•25 


4 


279 




•807 


•23 


4 20 


302 




914 


21 


4 40 


326 


1 


024 


•19 


5 


349 


1" 


137 


•18 


5 20 


372 




255 


•16 


5 40 


396 




377 


15 


6 


419 


1 < 


501 


•14 


6 20 


442 




630 


•13 


6 40 


465 




762 


12 


7 


489 




897 


11 


7 20 


512 


2" 


035 


11 


7 40 


535 


2" 


177 


10 


8 


558 


2 


321 


09 


8 20 


582 


2 


469 


•09 


8 40 


605 


2 


•619 


•08 


9 


628 


2' 


773 


•08 


9 20 


651 


2-929 


07 




- .A--:--^-. 


25 mile. 





APPENDIX. — Intestigation of Mathematical Besults required. 

1. Summation of Series. 

If Un denotes the general term pf a series^ and S^ the sum, of m terms, the first of 
which is u„. 



S 



m 



Uf^-rti)^^i-r . . , -tUj^+^^i^ 



which can be written symbolically 



k5 zj 
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where D is djdt and t is put equal to zero after the operations are performed, 
is equivalent to 



Thiq 

«_Jfc^ .A- -* -** r*— ^ 



or 



which can be expressed by 






e 



mU __ 1 



e^^^l 



iL 



n + t^ 






De 



D-l^ 



e™°-l)M 



n + t^ 



Q 



>m 






e°-l 



Un4-t OjO, 



'n + t 



The present object is to replace this integral by expressions suitable for calculation 
in different cases. The first case is that in which u^^^ contains an exponential factor 
e"-\ where a — ^hm (h an integer) does not vanish or is not very small. Writing 



^M+* ^ '^^» + i? 



where 'li^^+j contains no other exponential factor of the form e'"\ 



that is 



or 



hence 



that is 



Therefore 



whence 



S 



D 



e^-l 



"^^n+t "" 



D 



ittl 



-at 



!>+ 



a 



e"-l 



^ '^n + t — ^ II + „ -, '^^n+t> 



e 



1 



D 



e°-l 



"^n+t — 6 ^ 



1 rl 



a 



k=:akl da* Ve"— 1 



B^'w. 



n + t} 



D _ „,^ 1 

e — 1 a=oA:! 






daHe'^-l 



da^' He**— 1 



U IVjiJ^f^ 



D 



e^^-l 



'^», + « ^ 



1 d 



k 



k=o k I da'' \e'^-- 1 



ae-^DV.+. + e^^D^'^^^+J, 






6^-1 



q _ 



A-=oX'! dja!'\e'^--\ dt 



Tiiil»fe)s(^-i'«'-)*' 



m 






?iil^(i^>"°*""'}... 



The sum S,^ is thus expressed as the difference of two series which, in general, are 
diverging series, but they can be used for approximate calculation if the last term 
taken is within that part of the series which converges. When the series S„j 



^ C/.' Boole, * Finite Differences,' ch. v. 
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converges to a limit when m increases without limit, the limit S to which it converges 
will be given approximately"^^ by 

it being understood that only the terms of this series where it converges are to be 
taken. 

The above clearly fails it a = 2Jc7n, for in that case l — e"- vanishes; it is also 
inapplicable if a—2k7n is very small, for then 1 — e"- is very small, and the terms of (i.) 
diverge at once. The result shows that the sum S^, however great m is, is not of an 
order higher than that of the terms that compose it when a—2h7n does not vanish or 
is not very small ; this may be compared with the known case of Dirichlbt's integral 
which vanishes unless the range of integration incloses the origin. 

The second case to be considered is that in which a = (to which tha case 
a = 2JcTnm always i^educible) and t/.^+^ contains an exponential factor e^^^ ; writing 



and remembering: that 



'^'^n+t — " ^ ^'^7i-\-U 



D -^l„iD + S(-)-^ 1 B,,_,D^ 



eJ^-l ^ 1 V ^ 2k\ 



where B2/,--i are Beenoulli's numbers, it follows tha.t 



q _- 



m f / 1 \ 



t=m 



1 Zi/C I I J ^=0 

When the real part of ^ is not greater than zero the important part of the integral 
e^^^Wn^^dt is that contributed by small values of t, and writing 

it follows that 



"m Cm 



e^*'w^+t dt = w„ e^*' dt + w'„ e^H dt + &c. t 



m 



No\^ 



V 



that is 







*m ^00 n><X> 

e^*'dt= e^'^dt- \ e^'\dt, 

Jo Jm 



*m 



■^ When iVn^tt only involves t as a polynomial the series has only a finite number of terms which 
represent the exact sum. 

t For the determination of the important part of the integral it is sufficient that i%+^ should be 
expressible in powers of t for small values of t 
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'm 



t > 

72 



and therefore, m not being small, the important part of e^^\it m^7r^''{—fi) 

e^H dt is —^^~^ ; hence, the important part of 



e^^''w,,+idt is ^WnTT^'- (— j3)~^^\ provided iv^^ is of lower order than w^fi'^^ with corre- 



sponding conditions for tv^^^^ &c. Therefore, when yS"'/^ is of an order higher than 
unity, the most important part of S,^ is ^w^tt^^'^—^Y^'^ '^^ ^^^^^ ^^^^ ^^^ ^^^^ ^f ^-^ 
order higher than that of the terms that compose it. 

The third case is when a is small and t^^+j contains an exponential factor of the 
form e"*"^^*' ; as in the immediately preceding case, the result depends on the value of 

the integral e''^'^^*^Wn+t dt. 

Jo 

If the real part of jS is negative, or if a and /3 are both pure imaginaries, the 

, r \ . 

important part of this integral is iv^ e""*"^^^' dt^ with the same restrictions as in the 

Jo 

previous case. 

The fourth case is that when /3=0, a is small, and u^+t contains an exponential 

fm 


and, if the real part of y is negative, or if both a and y are pure imaginaries, the 
important part of this integral is w^ ef*'^'^*' dt, with restrictions similar to those of 

Jo 

the two preceding cases. The integrals in the third, and fourth cases have been fully 
investigated and tabulated. 

2. Approximate Expressions for the Bessel Functions. 

Most of the expressions to be investigated in what follows have been given by 
L. LoRENZ,^ who obtained them from expressions for the sum of the squares of the 
two solutions and the product of the two solutions. 

The investigation that follows derives them directly from the fundamental 
expression for a solution of Bessel^s equation and the passage from the periodic form 
of the expressions to the form involving real exponentials, which is insufficiently 
treated by Lorenz, is traced. Writing 

and using ScHLAFLi'sf formula for J„, it follows that 



v^ — LU^ = 2"'''^7r"V/-2 



n "^n 



''[(-)^cos {{n + ^) 6+zsme}-iQ08 {{n + ^^) 0-z sin Oj'jdO 



.00 



r»aO 



+ (~)^sin(n + ^)7r e-^^^^^'^+^^^+'/^^^dt/z-i sin (n4-4)7r e-^^«^nh^-(n+v,)^^^ ^-|- 



■^ * Qiluvres Scientifiques,' tome L, p. 405. 
t Math. Ann. Band III, p. 143. 



J In what follows n will be taken to be a positive integer, and 21 and v will be written for i^^ and Vn- 
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Hence 



v—iu = 2~'/27r"'V/2 



•tt 



>'0 



A ^-t^^sin0+ (n 4-1/2)^^ d6+ 1 e"""^"^^'*^"^ ^''"^'Z^)'/' ^w; 



.00 



t sin (n + 1) 7r e 

Jo 



smh»|/-(n + V2)V> r7i/ 



dxjj 



It is required to find approximations for the integrals above when z is large. Taking 
first the case where n + ^ is less than z, the important part oi v—iu arises from the 
first integral on the right-hand side, and the most important part of that integral is 
contributed by the values of 6 for which the exponent is nearly stationary ; writing 

10 = —z sin 6-{- {n+^) 6, 

w is stationary when cos = n + ^, and putting ?2 + l = sin a, the corresponding 
value of 6 is |-7r— a. Hence substituting = ^jr—a + S^, 



w 



1 

— z cos a4- 0^ + |-) {|-7r — a) -\-^z cos ot^-^H -0 sin a^^+, &c., 



and 



•TT 



•a +1/2^ 
J a --1/2^ 



^ - 1^ sill + (n + V2) t^/7 ^ :::::: | ' ^ - ^^ cos a + (n + V2) (V2^ - a) t + V2 2^ cos a^^^ + 1/^^ gin a^s 7 q . 



that is 



'TT 



•a + '/.27r 



^ — i2:sm6 + {n + y2)t6^Jf) __ ^ — t^' cos a+(>i + V2) (Va^— «•) t | '" .//22:t cos al^^ + ^/^zi sin a:^^+ ... ^ a 

J a- 1/2^ 



Now unless ^tt—cl is small, the important part of the integral on the right-hand 
side is 



•a+V2'r 



<X-V2'^ 



.00 



e''"- ^^' "^' (/5 



^1/2^1 COS a^2 7 Q 



•00 



,00 



•a — 1/2^ 
^lAi^'t cos O'^'^ fl(S ___ I /pVa^*- cos a5^^2 7 n 



a +1/2^ 



— 00 



and unless {(J-tt— a) cos a}"^ is of the same or of higher order than {z cos a)"'/^^ the 
second and third integrals on the right are negligible in comparison with the first, 
that is, if z—n—^ is of an order higher than z'^ 



'a +1/2^ 



a-i^^- 



^V2.ccosa^^ ^^ _ 2'V'^^ (-12; cos a)-'/^ = 2'V/^ (2; cos a)"'/-^ e/^"^ 



and therefore, with the same restriction as to the magnitude of n^ 



•TT 

^-Usiu0+('/i + V2)t^ ^Q — ^hj^^h U QQg aL\~^^-i ^c[-^cosa + (n+l)V2rr-(H + V2)«3 




the term of highest order only being retained. Hence 

t; — t'U = (cos a)~^/2 gt[-^cosa+V2'^^-(«+V2)«] ^ 

■^ The parts contributed by the second and third integrals in the first expression for v~m aro of 
order ^~^ and therefore negligible. 
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when z—n—^ is of an order higher than z^\ and this is equivalent to 



where 



u = H'^'^ sin (f), 



V 



-IV. 



cos (f). 



R = sec a and ^ ^ z cos a— |-7i7r + (ti + |-) ol ..... (ii.). 



When z—n—^ is of the same or of lower order than z''\ the part of the first integral 
in the expression for v — iu that is most important is that contributed by small 
values of 9; the second integral now becomes of the same order, and the most 
important part of it is contributed by values of \\i near to zero ; hence 



ti--t2^ = 2 '/■ 



"77 ^^''Z'"" 



C6n 



^,^^n-^.l^e^V.m ^0^ ^-(.-.-v.)^-Ve#^ dxj; 



'K 



the remaining parts being of lower order, and therefore writing 



e ^ 6%-V''>^, i// - &h-H. ^''^"''' {n^^2-z) = 3/^. 



it follows that 



v—LU = 2 '/■'^6% '^'-z^' 



<0 



"Si —1/ „, 



_,J V 



where ^o ^^d ^ are large quantities, the first being proportional to 2'^'0q and the second 
to 2'/^i//o, and as only the most important part of v — m is required, and the parts 
contributed by large values of { are negligible in comparison, ^o and ^i may be 
replaced by oo . Hence all but the parts of highest order being neglected 



v-LU = 2~'/-^6V~V/^ 



.GO 



^3,x<~-C^^^4„g-V3-^ 



J 00 



e 



•3,ae""V3^''^_^3 



dC 



Jo 



[my'' 



The values of R and ^ in this case have now to be obtained, and it is convenient to 
take first the case where |r^-f |- + 0| is small compared with z\ The expression in 
(iii) can for this purjDose be expanded in- ascending poAvei's of /x which gives 



that is 



/t=:0 JI\k) Jo 



For the purposes required it is sufficient to know the values of R and (^ to the 
second power of /x, hence neglecting [jl^ and higher powers of /x, 

V = 2'^^3~'^-^TT'~W^ [n {-D + 3/xn (-1)] cos' -Itt, 

u = 2'/^3 - V- V/^ [n ( - f ) - 3/xn ( " ^)] sin ^tt cos ^tt ; 



■^ It can be verified that this integral is a solution of the differential equation 



dfjb^ 



Qjiiy = 0, which is 



approximately Bessel's equation forr '^'K^^+i/ when | 7^ + |-^ | is of the same or lower order than ^^^\ 



ELECTRIC WAVES KOUND A PERFECTLY REFLECTING OBSTACLE. 



137 



therefore 



R = 2^%-V-V/^[{n (-|)}2+6/xn (-i) n (--|) cos i7r + V{n {-i)}'] cos^^m 



Now, 
whence 
similarly, 
hence 

Again, 



n(-|) = 2-V-'/^n(-i)n(-|), 

{n(-|)}^ = 2'/33-V^^n(-f), 
{n (-1)}^ = 2^/^3- V/^n i-i) ; 

K = 3-='»7r-V'[n (-f) + 2^/^n (-J) . 3/. + 2'/^n (-i) (3/.)^ . . . (iv.)- 

+ JL n(-f)-3jun(-i) , 1 
*"" "^ = n(-|)+3^n(-|) *"'' *"' 



therefore <^ = ^ir—jS, where fi is given by 



whence 



where 



an 



d 



if,r^ R- 3/isin|7rn(-|) 

^^n(-f)+f/xn(-i)' 

yS = 3/xc (1 — f jLt^) sin ^TT, 

c = ri(-i)/n(-|) = 2-vv-v^n(-i), 



The value of ^, where 



(f) == ^TT — 3/XC (1 — fftc) sin ^-TT 



• • * • 



. (v. ). 



^ 



tan x= -i 



dR 



is also required; it is, however, more convenient to calculate <^+x- 
relations 



From the 



1^ 

^ dz 



chi . dv 

dz dz 



du dv _ ^ 



it follows that 



tan ^ — — 






Now 



u 



therefore 






tan S — - . 

V 



tanc^+tanv ii i • . / r , \ "^ 

— — ^ — — ^, that IS tan (o+y) = > ; 

tan tan ^-^ 1 ^ ^ /v/ ^^ 



to obtain <^+x to the second power of /x, the third power of fi must be retained in 
u and %), hence 

{n(^i)+in(i)(3Mncos^i7r 



tan ((^+x) = 



n (— i) sin ^TT cos ^TT + I^n (-|^) (3/x)^ sin ^tt cos fir' 



* These expressions for R and ^ are to the order given, the same as those given by Lorenz. 
VOL. OCX. — A. T 
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that is 

tan (^+x) = "/~?^f![ f ^fl tan i^, 

therefore <^+x = 3"7i'+y where 

tan 7 = ly il(f ^'Aj5_i^ , that is y = -1 3 - ^^ ( Suf, 
whence 

•^+x = i'^+^3-v^(3/xr (vi.). 

When z—n—^mof the same order as %'^, the series for v—m in ascending powers of 
fjL is not suitable for obtaining approximate values, and must therefore be replaced by 
a series involving inverse powers of ii. To effect this it is necessary to obtain the 
principal part of the integrals in (iii.) ; as in this case /x is negative, the principal part 
is contributed by the second integral. Writing 

the important part of the integral arises from values of C in the neighbourhood of 
the value of I that makes w stationary ; this value is given by ^ = {—iLf''e~^'^''\ and 
substituting 

it follows that 



^00 -. ... /•oo e"'^'^^^^ 



^-1/3^1 



1 / ' %i o 1 / 1 / 



when jx is not small the principal part of the integral on the right-hand side is the 
same as that of the integral whose lower limit is —006"^/^''', and therefore the principal 
part only being retained, 

Jo 



Hence, the principal part only being retained, 



%_i 



therefore 

and substituting for /x its value, this becomes 

R = ^v. {2 {z-^n-^i)}~'^ 4> = |2%(^-n-|)^%-^/^+l7r . . . (vii.). 

These are the forms that the expressions for R and (j), when z—n—^ is of higher 
oi'der than z^\ take when a is near to ^tt ; for, writing |-7r— a=€, it follows that 

(j) = zoos a—^n7r + {n + ^)a 
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becomes 

(}) = z sin e—(n-\-^)€ + ^7r ; 

now 

z—n—^ = 0(1 — cos e) — ^ze^, 

therefore 
and 

that is, retaining the principal part only, 

The leading term in (v—lu)z~'^^ being known, a further approximation can be 
obtained from the differential equation 



d 



2 



/y 



dfA/ 
the result is 



9ixy = 0, 






# 



The same remark applies to the approximation for v—lu when z—n—^ is of higher 
order than z^^\ the ordinary differential equation for Bessel^s functions being made 
use of. 

When n-\-^—z is of the same order as z^'' the corresponding series when /x is positive 

is required. The principal part of v — iu now arises from the integral e^^^~^^ dt,, the 

Jo 

principal part of which is contributed by values in the neighbourhood of the value of 
^ that makes ^fi^—t^ stationary; that is, in the neighbourhood of [^ = fji^\ and 
writing 

it follows that 



.00 



% 



J -//2 



00 



-S„V2A2_, 



e'^^-^' di = e'^'' ^ e-^^ ''^^'-^^' d^u 



therefore the principal part is 



3/ ^"^ 



^-3^%^^^^ _ 3-v.^v.^-v.e2/^ 



»J —00 



This result gives the leading term in the value of v^ to obtain the leading term in 
the value of u it is necessary to calculate the principal part of the imaginary terms, 
that is, the principal part of 



.00 -.CO 



Jo Jo 

■^ Cf, Stokes, *Camb. Phil. Trans./ vol. x., p. 105. 

T 2 
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The principal part of the first of these integrals arises from values of ^ in the 
neighbourhood of ^ = fi'^'^e^^''^ and of the second from values of ^ in the neighbourhood 
of ^ = fM^^e~^^'''"' , hence writing in the first ^ = /^'V^'^^'+^i, and in the second 
^ = [M^^e~^^^'"' + Cu the expression becomes 



/.OO 



Ig-Vs^t 



■f/V'-^'"' 



e 



-2//2™3|aV2eV3^Yi~-^i^ 



.00 



o^Ci-ieV^- 



.^Vs^-Vs^^ 



G 



■2y:l^~Z^l^e^'l^%-^^ 



'^-''dL 



and the principal part of this expression is equal to the principal part of 






J _//%V3T. 



e 



.2/''2_3j^'V/3'^'f,2 



dC,^iey-^r e-^'^^'^-^'^^^^^-^^^^^^^^c^Ci, 



.^V2,-V3- 



which, writing ^1 = rje '^^'"^ in the first, and ^1 = yje^''^' in the second, is equal to 



l^-VgTt 



2 



e 






rcce 



A 



VeTt 



e' 



■2ia^/2„3^V2^2 



c^^; 



that is, equal to 



2*' 



V2 



e 



-2)U.^/2_3^V2^2 



^TJ-I 



V2 



e 



.2/^-3^Vv^^_^ 



'OC 



6' 



2fx^^'^~3fi''^rj^ 







(^7;; 



now the principal parts of the first and second integrals in this expression are equal, 
but with opposite signs, and therefore the principal part is 



•CO 



Hence 



and 







v-m = 6-VV-'/^[e^'''-ice-^'^"]; 



-lt3-VV~'^'e--^''''^ 



% 1 -2//n . 



R = 6-'%V-''^ 



eV«+ie-^'^'^^, 



tan <f> = |-e 



iy,-<i»i 



fl s 



(viiL). 



The leading terms having been determined, the approximation can be carried further 
by using the differential equation, and the result is 



V — LU=6 '^^Z'^fl '^' 



1.5 



1.5.7.11 



e^/^^ 1 1 + iii:i^"-^/2+ ±.i:iil_^^„^-^^+ &c. \ 



144 



1 .2.144^ 



L.^-2^ 



—Me 



^^ ' ^ ^ • 5 /,-V.+ lj5^_7^ ^^^ 



72 



144 



1.2.144' 



# 



^ It should be observed that the constant of the imaginary part is half the value that would have been 
given by Stokes' rule, p. 112 of the paper referred to above; the explanation of this is that the value of 
the in Stokes' investigation that corresponds to this solution is one that belongs to a boundary for the 
intervals of ; this case is not discussed by Stokes, but it is not difficult to prove that for such values the 
constant takes half the value it has in the interval 
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The value of )( is given by the relations 

tan(<^ + x) = 2e'^'^ or tanx = e*^''^ (ix.), 

the leading term only beinff retained. 

When n-h^—z is great compared with Z''\ the necessary approximations are obtained 
from the original formula for v — iu^ viz. : — 



v—iu =^ 2""'%""V"''^ 



•tt 



^ I ^-iz sill e + {n + V2) ^fc ^^ _|_ I ^-^ siuh ^ + {n + 1/2) 4* fj^Jj 

Jo 

.00 



t sin (n + 1) TT e~' ''''^' ^-<"+ V.) ^ <^^ 



The principal part of this expression arises from the second integral, and is 
contributed by the values of xjs near to the value that makes & sinh \jj—(n + ^) xfj 
stationary ; if this value of \}/ is S, then 

z cosh 8 = n + l", 

and writing t/i = S + ^i, it follows that 

00 mCX> 







^-zsmh^+in+y^)xl, ^1 _. 1 ^(n+V-j) S-^^ sinh 5-2z sinh 6 sinh2i/2»^]-(»+V2) (sinh t^i-^l^i) ^^ 

J-S 



the principal part of which is equal to 

g(»+V2)«-^sinh8 I g -1/2-^ sinh 6>Ai2 ^ , _ 2^%^%"^'^" (siuh S)-V2^(« + V2)5-^sinh6^ 

J — 05 



~8 



the part which depends on the integral being of lower order when n-{-^—z is of 
higher order than z^^'' ; hence 

V = (sinh S)-V2e(-+V2)a-.sinhs^ 

where 8 is given by z cosh S = ^ + i 

To obtain u it is necessary to calculate the leading terms of the imaginary part of 
the expression for v—lu, and this arises from the first integral ; the part required is 
the principal part of 

Jo Jo 

The exponent in the first of these is stationary when = tS, and the exponent in the 
second when 6 = — tS, writing in the first 6 = lB—Oi and in the second 6 = tS + ^i, the 
expression becomes 

_i(^^-0^-f-V2)5+^sinh5 1 j ^-2zsiiih5siiiSV2^i + t^cosh6(di-sin#i)^^ I I ^~2z sinhS 8m^y^6i-iz cosh Sie^—Bmei) ^D \^ 



- ts J ta 



142 



PEOF. H. Bl. MAGDONALD ON THE DIFFRACTION OF 



the principal part of which is equal to the principal part of 



l,^^-(n+V2)5+-?sinh5 



•TT 



-lS 



(*ir+iS 



t8 



^-~2z siuh 6 siii'^ 1/2^1 eld ^- ' e"^^ ^'^^ ^ ^"^^ ^/^^i C^^ I 



tS 



that is to the principal part of 









•tr 










-tS 



f*7r+t5 



»,' w 



^~2z siiih 5 siii2 1/2^1 (j[0 -L. g - 2^ sinh 5 &in2 i/g^j JT^ I 



»^ IT 



and this is equal to the principal part of 



•TT 



-2?smli5siu2V.,a 



de„ 



Jo 

which is 

Jo 

and therefore 

ti = I (sinh S)-%~<^^+V.)s+.Bmha^ 

Hence, writing r = ^ sinh B — (n + ^)S where z cosh, 8 == r^ + |-, we have 

u = |-(sinh 8)'"'^''6'', f = (sinh 8)~^^''e~"', 
n ^ {sinh 8y' {e~'^ + ie'^}, 



z sinh 5 



1^2t 



tan (fy r= ^e 



a a 



( V 
A.» ft 



It remains "to prove that as S becomes small these expressions become identical 

with those obtained for the case when n+^—z is of the same order as z\ When 

S is small 

z sinh 8—{n + ^) 8 = z sinh 8~-8z cosh S, 



that is. 



_., i.$:3_ ij 2{n^^-z) 



T =—^z8'^ = 



H-z 



A/ 



No' 



w 



2/.=/^ = 2 Id )V3 (!i±i=:£) ^ :=. i 



"■ J ' 



z 



and 



g-Ve^v.^-v. ^ 2"%'/*(n+|— :^)"''^ 



which is S '^'-^ when 8 is small, and therefore as 8 diminishes, the form of the expression 
in (x.) becomes that in (viii.). The approximations in (x.) can, as before, be carried 
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further by using the differential equation satisfied by ^^"'^^^'y—m), which is Bessel's 
equation. ^^ 

The various approximations are collected together below for convenience of 
reference : — 

When z—n—^ is great compared with #\ 

R == sec a, ^ = :s cos a-~-|-n7r + (n + |-) a ...... (ii.), 

where 2; sin a = n + l". 

When z—n—^ is of the same order as z'\ 



Wh 



en 



z—n—-^ 



is of lower order than 



1 • „ 

«'3 



R = 3-V-V'[n(-|) + 2^/^n(-|).3/. + 2'/'n(-i)(3ja)V] . . . (iv.), 



TV 



^ _- Itt— 3/ac (1— f/xc) sin — . . . . . . . . (v.), 



3 



where 



<^ + X = i^+J^3"'M3;xf . (vi.), 

3/i = 6%-'/« {n+^-z), c = 2-"'V"'/'^n (^1). 



When ti+|-— ^ is of the same order as :^'/% 



R = Q-'Hi^iT'i^l/^^'+ler'^^ tan <^ = le"^'^"'" (viii.), 



tan ^ = e^^ 



% 



• » • 



• . » . » I x.ifL. /. 



When n-\'\—z is great compared with z' 



where 



R = (sinhS)-^[e"-^^ + ic^^], tan .^ = |-6^^ . . 
7 •=^ z sinh S— (7^+|•) S, z cosh S = n-\-\. 



• • 



(^•)^ 



When n is not an integer the corresponding results can be obtained by writing 



* Another method of approximating to the value of R is to make use of the relation 



R = 



i.z 



■TT 



Ko i^n sinh {) eosh (^n +1) ^d^, 



which is not difficult to establish, and then deduce c/> from the result ; the method given is more direct, 
and avoids the difficulties that arise in determining the constants for the different forms of </> in this other 
method. 
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^-7m £^j. ( — )'' in the original expression, but, with a view to the special case where 
n+l" is an integer, it is preferable to use the solutions K„+i/., (t^) and K„+i/^( — t^); the 
expressions to be approximated to are 2'%""'%'/-K„+i/., (iz) and 2'%~%'^'2K^+y^ ( — tz). With 
the same notation as when n is an integer 

where R and (j) have the same vahies as when 7i is an integer. 



